Abstract. It is shown that for every Polish group G that is not locally compact there is a continuous action a of G on a Π 1 1 -complete subset A of a Polish space X such that a cannot be extended to any superset of A in X. This answers a question posed by Becker and Kechris and shows that an earlier theorem of them is optimal in several aspects.
Introduction
A classical theorem of Lavrentieff ([4] The theorem provides a full generalization of Lavrentieff's theorem in the case G is locally compact Polish. For general Polish group actions, Becker and Kechris asked the following question (Open Problem 2.2.8 of [1] ). [1] ). Can the set A * in the above theorem be taken to be G δ in the case of an arbitrary Polish group?
Question 1.2 (Becker-Kechris
In this paper we give a negative answer for this question. In fact we prove results much stronger than what we need to construct a counterexample. In addition to showing that there are Polish group partial actions which cannot be extended to G δ sets, we prove that there are such actions which cannot be extended to any analytic sets. This implies that the above theorem of Becker and Kechris is optimal. Moreover, we show that for any Polish group G which is not locally compact there are partial actions of G which are counterexamples of the type described above. Thus the extendability of a partial action to a G δ set is a characteristic property of all locally compact groups. The main theorem we establish is the following. In the statement of the theorem the action a cannot be extended to any superset of A, namely, the action cannot be extended to even one more point. Such nonextendable sets are the focus of our study in this paper.
The paper is organized as follows. In Section 2 we formulate the concept of nonextendability and give examples of non-extendable sets, thus obtaining counterexamples to Question 1.2. In Section 3 we further characterize the non-extendability property and prove the main results of this paper. In Section 4 we follow up on the concepts studied in the previous sections and give examples and remarks about further research. Throughout the paper we follow the notation in [2] and [1] . The research of the second author was partially supported by NSF grant DMS-0100439.
Counterexamples and the non-extendability property
We first investigate a property of a Polish group action which connects directly to the counterexamples of the question of Becker and Kechris. First recall from [1] that in the case of a Polish group G acting continuously on a Polish space X, we call X a Polish G-space. Definition 2.1. Let G be a Polish group and X a Polish G-space. X is said to have the non-extendability property if there are subsets A and Y of X such that
In this case we also say that A and Y witness the non-extendability property of the Polish G-space X.
Spaces with the non-extendability property immediately give counterexamples to Question 1.2. Proof. Note that Y is indeed a Polish space since it is a G δ subset of X. Also the action of G on A is well defined since A is G-invariant.
To see this, let x ∈ A * and {x n } be a sequence of elements of A such that x n → x as n → ∞. Since both a * and b are continuous extensions of a, we have that for any g ∈ G,
Now condition (iv) of the non-extendability property implies that a cannot be
In the Polish space Y the set A (with the continuous G-action) will be called nonextendable. It follows from Theorem 1.1 that any non-extendable A is necessarily Π 1 1 . Next we deduce that existence of any non-extendable set implies the existence of a Π 1 1 -complete non-extendable set. Note that in the above proof we did not use the condition that A is not G δ , hence the lemma makes sense also for locally compact groups. For the next result the fact that A is not G δ will be needed. Before stating the result we need to recall the following notation.
For a topological space X consider the space
equipped with the Vietoris topology (see [2] , 4.F). If X is Polish, then so is K(X). Now suppose a Polish group G acts continuously on X. Then the action naturally induces a continuous G-action on K(X): 
To see that in the Polish space K(Y ) the action of G on K(A) cannot be extended, we check that K(A) and K(Y ) actually witness the non-extendability prop-
Thus to finish the proof it is enough to check condition (iv) of the non-extendability property.
Now the lemma follows from the preceding lemma.
Thus in order to get a counterexample to Question 1.2 in a strong sense we only need to produce an example of an action with the non-extendability property. In the next section we will show that it is fairly easy to produce such examples. Namely, as long as the action produces at least one orbit which is not F σ , it has the non-extendability property. However, for now, we would like to present a less trivial example. This was the first example found to have the non-extendability property. In view of the results of the next section this example is an overkill for Question 1.2. However, we think it is interesting because it arises in a natural context and induces more open questions.
Let S ∞ be the infinite permutation group, i.e., the group of all permutations of N. With the pointwise convergence topology S ∞ is a Polish group. Consider the natural action a of S ∞ on the product space R N given by
in other words, for all n ∈ N,
It is easy to see that a is a continuous action.
There is a subsequence of x converging to 0}
x(n) converges absolutely to 0}.
Theorem 2.4. The sets A and Y defined above witness the non-extendability property of the Polish
Proof. We check the conditions of the non-extendability property by a number of claims.
Claim 2. A is invariant under the action a.
This is an elementary theorem of analysis concerning absolutely convergent series.
and note that A = 1 ∩ Y since absolute convergence implies convergence for a series. Now A cannot be G δ in Y , since otherwise both A and Y \ A would be G δ in Y , and by Claim 1 both of them would be dense G δ , hence comeager.
To finish our proof, it remains to check condition (iv) of the non-extendability property.
If x ∈ Y \ A, then x is not absolutely convergent. By a well-known theorem of real analysis, the terms of x can be rearranged to form a new series which converges to +∞. That is to say that there is a g ∈ S ∞ such that
Since the set A in this theorem is F σ but not G δ , the Π 1 1 -completeness of K(A) follows from an old result of Hurewicz (see [2] 27.B). In the next section we will show that an F σ non-extendable set can always be found, thus one does not need the Kechris-Louveau-Woodin dichtomy theorem to establish the results of this paper. To summarize, we have established the following theorem in this section. 
Main results
In this section we give more transparent characterizations of the non-extendability property and prove Theorem 1.3, a generalization of the result of the last section to arbitrary non-locally-compact Polish groups.
We first recall some notation from [2] . Let G be a Polish group and X a Polish G-space. For M ⊆ X, [M ] G denotes the saturation of M , i.e., the smallest Ginvariant set containing M , and similiarly (M ) G the hull of M , i.e., the largest G-invariant set contained in M . In symbols,
It is straightforward to see that for any
If A and Y witness the non-extendability property of X, then conditions (iii) and (iv) can be restated simply as A = (Y ) G .
We have the following characterization of the non-extendability property. (i) X has the non-extendability property.
Proof. The direction (i)⇒(ii) is immediate from the remark preceding the theorem. The equivalence of (ii) through (v) follows from the identities concerning saturations and hulls reviewed above. To see that (ii)⇒(i), let Y 0 be a G δ subset of X and
Thus the sets A and Y witness the non-extendability property of X.
The following corollary is immediate.
Corollary 3.2. Let G be a Polish group and X a Polish G-space. If X contains an orbit which is not F σ , then X has the non-extendability property.
Proof. Let x be any element of such an orbit. Then F = {x} is closed and
If G is a locally compact Polish group, then every orbit of a continuous G-action is necessarily K σ , hence F σ . On the other hand, if G is not locally compact, we show below that a non-F σ orbit can be produced.
In the following proof we will use a left-invariant compatible metric on a Polish group G.
Recall that a metric d on a Polish group G is left-invariant if for all g, h, k ∈ G, d(gh, gk) = d(h, k).

A classicial theorem of Birkhoff and Kakutani states that all metrizable topological groups admit left-invariant compatible metrics (cf. [2], 9.A). Also note that if d is a left-invariant compatible metric on G, then the metric d defined by
is also a left-invariant compatible metric, but it satisfies that d ≤ 1. 
Theorem 3.3. If G is a non-locally-compact Polish group, then there is a Polish
equipped with the pointwise convergence topology. By the Arzela-Ascolli theorem,
), and the action is continuous. L(G, I) is a Polish G-space.
For any k ∈ G, we can define a Lipschitz function
). It is also easy to see that
) and hence itself a Polish G-space. To verify that X has the nonextendability property, by the preceding corollary it is enough to prove that τ (G) is not F σ in X. Note that X is compact and τ (G) is dense in X. Since G is not locally compact, every point in τ (G) has no compact neighborhood.
For
Now, since τ (G) and X \ τ (G) are both dense in X and
The following theorems summarize our main results of this section. 
Further remarks and questions
In this final section we discuss further questions arising from our study of the non-extendability property. For some of these questions we do not have complete answers. Our results in the previous sections show that they can be Π 1 1 -complete, thus of the highest possible complexity, or they can be Σ 0 2 -complete, the lowest possible complexity if they are not G δ . In fact, this is true among actions for any fixed non-locally-compact Polish group.
The following example demonstrates that, at least for some Polish group actions, the complexity of non-extendable sets can be arbitrary. Let M be an uncountable Polish space and let P be a Polish space satisfying the fact that for any analytic set
Let G be a Polish group and let b be a continuous and transitive action of G on P . For example G = Z N or G = R N , respectively, for the above P . We do not know if a similar example exists for an arbitrary non-locally-compact Polish group. Note that in this example the individual orbits are closed (and therefore F σ ), thus the non-extendability property cannot be witnessed by an invariant set with only countably many orbits.
This leads us to the concept below and the question that follows.
Definition 4.2.
Let G be a Polish group and X a Polish G-space. X is said to have the strong non-extendability property if every G-orbit in X is F σ and X has the non-extendability property.
Question 4.3.
Is there a Polish G-space with the strong non-extendability property for every non-locally-compact Polish group G?
We first remark below that the strong non-extendability property need not hold for all Polish G-spaces for non-locally-compact Polish groups G. Proof. Without loss of generality the proposition can be proved in two cases, namely, when G is a factor group of H (i.e., there is a continuous homomorphism from H onto G) and when G is a closed subgroup of H. In the first case any action of G can be trivially lifted to an action of H, and one can easily check that the strong non-extendability property is preserved from viewing the underlying space as a G-space to the new point of view that the underlying space is an H-space.
Proposition 4.4. Let 1 ≤ p < ∞ and
For the proof of the second case we use the theorem of Mackey and Hjorth (see [1] Theorem 2.3.5) on extensions of Polish group actions. Let X be a Polish G-space and let A and Y witness the strong non-extendability property of X.
Consider the action of G on X × H by
It is proved in [1] that every orbit is closed and the quotient space is Polish. Let X = (X × H)/G and let H act on X by
f is a homeomorphic embedding of X into X with f (X) closed in X . Thus if we identify X with f (X) the action of G on X can be identified with an action on f (X). To summarize, the Polish H-space X has the properties that X is a closed subset of X , the action of H on X extends the action of G on X, and every H-orbit in X contains exactly one G-orbit in X. To see that Y is G δ in X , note that Y is G δ in X since it is G δ in X and X is closed in X . This also implies that X \ X is G δ since it is open. To finish the proof of the non-extendability property, it is enough to show that for any [ As a final remark, we do not know if non-extendable sets in the sense that some action on it cannot be extended necessarily arise in the circumstance described by the non-extendability property.
Now let
Question 4.7.
If G is a Polish group acting on a subset A of a Polish space X and the action cannot be extended, is there a Polish G-space X and a homeomorphic embedding of X into X whose restriction on A is a G-embedding?
